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Abstract
The intraday pattern, long memory, and multifractal nature of the intertrade durations,
which are defined as the waiting times between two consecutive transactions, are inves-
tigated based upon the limit order book data and order flows of 23 liquid Chinese stocks
listed on the Shenzhen Stock Exchange in 2003. An inverse U -shaped intraday pattern in
the intertrade durations with an abrupt drop in the first minute of the afternoon trading
is observed. Based on the detrended fluctuation analysis, we find a crossover of power-
law scaling behaviors for small box sizes (trade numbers in boxes) and large box sizes
and strong evidence in favor of long memory in both regimes. In addition, the multifractal
nature of intertrade durations in both regimes is confirmed by a multifractal detrended fluc-
tuation analysis for individual stocks with a few exceptions in the small-duration regime.
The intraday pattern has little influence on the long memory and multifractaility.
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1 Introduction
The interevent time, which is defined as the waiting time between two consecu-
tive events, has attracted considerable interests in various fields including ecology
[1, 2], sociology [3, 4, 5, 6, 7], finance [8, 9, 10, 11, 12, 13, 14, 15, 16], seismol-
ogy [17, 18, 19, 20, 21, 22], and so on. When we regard the transaction dynamics
as a point process in financial market [23], trades are defined as events and inter-
trade durations are a kind of interevent time. Several important statistical properties
(probability distribution, long-range dependence and multifractal nature) of the in-
tertrade durations have been studied.
Empirical analysis of the intertrade durations for different financial data unveils
that the probability distribution can be described by the Mattag-Leffler function
[12, 24], power laws [24, 25], modified power laws [13, 15], stretched exponentials
(or Weibull) [7, 26, 27, 28, 29], stretched exponentials followed power laws [30,
31], to name a few. Recently, Politi and Scalas rejected the hypothesis that the
waiting time distributions are described by an exponential [32, 33] or a power law
and found that the q-exponential compares well to the Weibull for waiting time
distribution fitting [34]. They also argued that the distribution differing from an
exponential is the consequence of the varying trade activities during the trading
period [32, 33, 35, 36]. Jiang, Chen, and Zhou found that the intertrade durations
exhibit a scaling behavior and the distribution is Weibull followed by a power law
tail [16].
The long memory feature of the intertrade durations is very important in the ACD
model [8, 9, 10] and its variants [37, 38, 39, 40]. In the econophysics community, to
our best knowledge, the first research was conducted by Ivanov et al., applying the
detrended fluctuation analysis (DFA) approach to analyze the intertrade durations
of 30 stocks listed on the NYSE from January 1993 to December 1996 [28]. They
found that there are two scaling ranges in the fluctuation function, where long-
range power law correlations within a trading day followed by a crossover to even
stronger correlations over time scale more than one trading day. They also argued
that the appearance of two scaling regimes is linked to the timescales over which
information disseminates. Yuen and Ivanov further analyzed the intertrade times
of 100 stocks listed on the NYSE and 100 stocks traded on the NASDAQ and
found that the crossover behavior also exists for all stocks on both markets [41]. In
addition, it is found that the stocks on NASDAQ show much stronger correlations
within one trading day than that on the NYSE, albeit both markets display the same
memory feature for time scale larger than one day. This result is interpreted by the
institutional difference between the two markets (multi-dealer in NASDAQ, one
market maker in NYSE). By investigating 3924 stocks from 1994 to 1995 and 4044
stocks in the whole year 2000 traded on the NYSE, Eisler and Kerte´sz found the
crossover behavior again based on the fluctuation analysis [42]. More interesting,
the Hurst exponents of the intertrade durations decrease with the logarithm of mean
2
intertrade duration, H = H∗ − γT log〈T 〉.
In addition, the multifractal nature in the intertrade durations of 30 DAX stocks
(from 28 November 1997 to 31 December 1999) was studied by Os´wie¸cimka et al.,
based on the multifractal detrended fluctuation analysis (MFDFA) approach [43].
This property has not been well documented for other markets. In this work, we
shall perform detailed (multifractal) detrended fluctuation analyses of the intertrade
durations of 23 Chinese stocks traded on the Shenzhen Stock Exchange in 2003.
We find that the intraday pattern of the intertrade durations does not have significant
impact on the long-range dependence and the multifractal nature. We note that
the multifractal nature of the returns, the capital fluxes, and the bid-ask spreads
of Chinese stocks has been investigated thoroughly [44, 45, 46, 47, 48, 49]. The
current work thus complements this literature.
This paper is organized as follows. In Section 2, we briefly describe the data sets
adopted. Section 3 investigates the intraday pattern of intertrade durations. Section
4 studies the memory behavior and the multifractal nature of the intertrade dura-
tions using the DFA approach. Section 5 concludes.
2 Data sets
The Chinese stock market is an order-driven market. The organized stock market
in mainland China is composed of two stock exchanges, the Shenzhen Stock Ex-
change (SZSE) and the Shanghai Stock Exchange (SHZE). On the SZSE, each
trading day is partitioned into three parts before 1 July 2007, named open call ac-
tion, cooling period, and continuous double auction. The open call action begins at
9:15 AM and ends at 9:25 AM. Orders are allowed to be submitted and canceled
before 9:20 AM. After 9:20, order cancelation is prohibited. At 9:25 AM, part of
the submitted orders are executed based on the maximal transaction volume princi-
ple, while unsatisfied orders are left on the order book. It is followed by a cooling
period from 9:25 AM to 9:30 AM. During the cooling period, all orders are allowed
to add into the limit-order book, but no one is executed till 9:30 AM. The contin-
uous double auction operates from 9:30 AM to 11:30 AM and from 13:00 PM to
15:00 PM. According to price-time priority, transaction occurs based on one by
one matching of incoming effective market orders and limit orders waiting on the
limit-order book. Note that the time interval from 11:30 AM to 13:00 PM is also
a cooling period for lunch. Our primary purpose is to investigate the waiting time
between two consecutive transactions. Hence, only trades during the continuous
auction are considered in this work.
Our study is based on the data of the limit-order books of 23 liquid stocks listed
on the Shenzhen Stock Exchange (SZSE) in the whole year 2003. These stocks are
representative since they were included as constituents in the Shenzhen Component
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Index. The limit-order book records ultra-high-frequency data whose time stamps
are accurate to 0.01 second including details of every event. Assuming that there
are n trades at times {ti : i = 1, 2, · · · , n} during the time interval from 9:30
AM to 11:30 AM or from 13:00 PM to 15:00 PM on a trading day, we obtain
n − 1 intertrade durations τi = ti+1 − ti with i = 1, 2, · · · , n − 1. The variables
of time are in units of second. In addition, we stress that no intertrade duration is
calculated between two trades overnight or crossing the noon closing. Although the
time resolution of our data is as precise as 0.01 second, there are still trades stamped
with the same time, indicating that the intertrade duration is vanishing between the
two corresponding trades. For convenience, we treat the trades occurring at the
same time as one trade at that time. Therefore, vanishing durations are excluded.
For the 23 stocks, the average intertrade duration varies from 3.8 seconds to 49.4
seconds [16].
3 Intraday pattern
Many empirical studies show that the high-frequency financial variables exhibit
intraday patterns, such as the returns [50], volatilities [51], bid-ask spreads [44,
52, 53, 54], trading volumes [55, 56], and so on. The intertrade durations are also
found to exhibit an inverse U-shaped pattern in the NYSE market [8, 57] and Rus-
sian stock market [58], which indicates higher trading activities in the open and
close than in other time during each trading day. Therefore, it is necessary to inves-
tigate the intraday patterns in the intertrade durations of the Chinese stocks under
investigation to check if such patterns have influence on the possible long-range
dependence and multifractal property.
We segment the continuous double auction of each trading day into 240 successive
1-min intervals. For a given stock, we define an average intertrade duration for each
interval as follows,
τij =
1
Nij
Nij∑
k=1
τk, (1)
where τij is the average duration of the j-th interval in the i-th trading day, Nij rep-
resents the number of intertrade durations of the j-th interval in the i-th trading day.
The average intertrade duration in the j-th time interval is calculated as follows,
〈τ〉j =
1
Nd
Nd∑
i=1
τij , (2)
where Nd is the number of trading days.
Four stocks (000002, 000024, 000581, 000709) are randomly chosen from the 23
stocks as typical examples to illustrate the results. Fig. 1 depicts the intraday pattern
of the intertrade durations for the four stocks. The durations exhibit a crude inverse
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U-shaped pattern. For most stocks, the mean durations in the open and close are
much smaller than those in the rest time of the trading day, which indicates heavier
trades in the open and close. Our results are in line with the results of IBM transac-
tion data [8]. More interesting, the duration during the first minute in the afternoon
is very low. This phenomenon arises from the institutional features of the Chinese
stock market. The traders can submit orders during the nontrading period from
11:30 to 13:00 and these orders are disposed immediately at 13:00, which leads
to very high trading activity and small average duration during the 1-min interval
right after 13:00.
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Fig. 1. (Color online) Intraday pattern of intertrade durations for four different stocks traded
on the SZSE during the calendar year 2003. The full circles are the average intertrade
durations. The continuous curves are the polynomial fits to the data.
4 Detrended fluctuation analysis
4.1 Long-range dependence
We first study the temporal correlation in the intertrade duration series. The de-
trended fluctuation analysis is utilized, which has the ability to extract long-range
power-law correlation in non-stationary time series [59, 60]. For a given intertrade
duration series {τi|i = 1, 2, · · · , N}, we can define the cumulative summation se-
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ries yi as follows,
yi =
i∑
j=1
τj , i = 1, 2, · · · , N. (3)
The series y is covered by Ns disjoint boxes with the same size s. When the whole
series yi cannot be completely covered by Ns boxes, we can utilize 2Ns boxes to
cover the series from both ends of the series. In each box, a cubic polynomial trend
function g of the sub-series is determined. The local detrended fluctuation function
fk(s) in the k-th box is defined as the r.m.s. of the fitting residuals:
[fk(s)]
2 =
1
s
ks∑
i=(k−1)s+1
[yi − gi]
2 . (4)
The overall detrended fluctuation is estimated as follows
[F2(s)]
2 =
1
Ns
Ns∑
i=1
[fk(s)]
2 . (5)
As the box size s varies in the range of [20, N/4], one can determine a power
law relationship between the overall fluctuation function F2(s) and the box size s,
which reads,
F2(s) ∼ s
H , (6)
where H signifies the Hurst index, which is related to the power spectrum exponent
η by η = 2H − 1 and to the autocorrelation exponent γ by γ = 2− 2H .
We apply the DFA approach to analyze both the original data and the adjusted data.
The adjusted data are obtained by removing the intraday pattern from the original
data:
τ˜ = τt/〈τ〉j , (7)
where 〈τ〉j is the average duration in the j-th 1-min interval to which the t-th trade
belongs. Performing the same analysis on adjusted data can test whether the long
dependence of intertrade duration stems from the seasonal periodicity. Fig. 2 shows
the log-log plots of the overall fluctuations F2(s) as a function of the box size s for
the selected four stocks. For each stock, one can observe a crossover from a scaling
range with a lower exponent H1 over s < s× to a scaling range with a higher
exponent H2 over s > s× in the scaling curves for both original and adjusted data.
Note that the crossover happens at about s× ≈ 300. We find that there is only
one stock (000720) which does not have a crossover of regimes and, as shown
in Table 1, H1 = H2 for this stock. Indeed, this stock exhibited very different
behavior, whose prices were controlled and manipulated by block investors [61].
The Hurst indexes H1 and H2 for all the stocks are listed in Table 1. One can see
that both H1 and H2 are significantly greater than 0.5, indicating the long-range
dependence in the intertrade durations. Except for stock 000720, we observe that
H2 > H1 for all the 22 remaining stocks, which means much stronger correlation
6
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Fig. 2. (Color online) Log-log plots of the overall fluctuation function F2(s) with respect
to the box size s for four different stocks with q = 2. The open circles and squares stand
for the original and adjusted data, respectively. The solid lines are the best fits to the data
in the scaling ranges.
for larger s in the intertrade durations. Excluding stock 000720, we find that 〈H1〉 =
0.69±0.02 and 〈H2〉 = 0.96±0.04 for the original data and 〈H1〉 = 0.67±0.02 and
〈H2〉 = 0.98±0.04 for the adjusted data. We can conclude that the intraday pattern
has minor influence on the long-range dependence in the durations. Furthermore, a
systematic difference between the scaling exponents 〈H2−H1〉 is 0.26±0.6 for the
original data and 0.31±0.06 for the adjusted data, which is comparable to the value
0.30±0.05 for the NYSE [28]. In addition, stocks with higher trade activities appear
to have stronger autocorrelations in the NYSE and NASDAQ [41, 42]. However, in
our dataset, we find no clear dependence between the Hurst index and the average
trading activity measured by mean intertrade duration. This observation is far from
conclusive, since our database contains only 23 stocks.
4.2 Multifractal nature
In this section, we apply a multifractal detrended fluctuation analysis to investigate
the multifractal nature of intertrade durations. The overall detrended fluctuation in
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Table 1
Hurst indexes H1 andH2, mean trades per day 〈NT 〉, and the width of multifractal spectrum
∆α of the intertrade durations for the 23 stocks.
Code 〈NT 〉
Original data Adjusted data
H1 H2 ∆α H1 H2 ∆α
000001 3676 0.65± 0.01 0.97± 0.01 0.91 0.61± 0.01 0.99± 0.01 0.81
000002 2084 0.67± 0.01 0.97± 0.01 0.90 0.64± 0.01 1.00± 0.01 0.82
000009 1842 0.68± 0.01 1.01± 0.01 0.97 0.65± 0.02 1.03± 0.01 0.96
000012 1210 0.71± 0.01 0.94± 0.01 0.60 0.69± 0.01 0.96± 0.01 0.59
000016 778 0.68± 0.01 0.97± 0.01 0.83 0.66± 0.01 1.00± 0.01 0.79
000021 1695 0.70± 0.02 0.97± 0.02 0.83 0.68± 0.02 0.99± 0.01 0.77
000024 553 0.70± 0.01 1.01± 0.01 0.82 0.68± 0.01 1.04± 0.02 0.76
000027 1275 0.69± 0.01 0.97± 0.01 0.66 0.68± 0.01 0.99± 0.01 0.64
000063 1073 0.72± 0.01 0.95± 0.01 0.76 0.71± 0.02 0.96± 0.02 0.76
000066 1146 0.69± 0.01 0.94± 0.01 0.77 0.68± 0.01 0.96± 0.01 0.78
000088 376 0.70± 0.01 0.95± 0.01 0.68 0.68± 0.01 0.96± 0.01 0.67
000089 775 0.68± 0.01 1.01± 0.01 0.85 0.67± 0.01 1.02± 0.01 0.79
000406 1116 0.69± 0.01 0.99± 0.01 0.90 0.67± 0.01 1.01± 0.01 0.81
000429 488 0.69± 0.01 0.91± 0.01 1.03 0.67± 0.01 0.93± 0.01 0.98
000488 496 0.70± 0.01 0.91± 0.01 0.77 0.68± 0.01 0.94± 0.01 0.73
000539 417 0.73± 0.01 0.82± 0.01 1.00 0.69± 0.01 0.85± 0.01 1.01
000541 283 0.69± 0.01 0.92± 0.01 0.87 0.67± 0.01 0.95± 0.01 0.82
000550 1405 0.71± 0.02 0.94± 0.02 0.76 0.70± 0.02 0.95± 0.01 0.69
000581 373 0.71± 0.01 0.94± 0.01 0.78 0.68± 0.01 0.96± 0.01 0.78
000625 1643 0.70± 0.01 0.97± 0.01 0.63 0.69± 0.01 0.99± 0.01 0.52
000709 853 0.68± 0.01 0.99± 0.01 0.69 0.66± 0.01 1.02± 0.01 0.61
000720 486 0.85± 0.01 0.86± 0.01 0.61 0.83± 0.01 0.88± 0.01 0.59
000778 651 0.69± 0.01 1.02± 0.01 0.72 0.68± 0.01 1.05± 0.01 0.64
Eq. (5) is generalized to the following form
Fq(s) =
{
1
Ns
Ns∑
k=1
[fk(s)]
q
}1/q
, (8)
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where q can take any real number except q = 0. When q = 0, we have
F0(s) = exp
{
1
Ns
Ns∑
k=1
ln[fk(s)]
}
. (9)
By varying the value of s in the range from smin = 20 to smax = N/4, one can
expect the detrended fluctuation function Fq(s) scales with the size s:
Fq(s) ∼ s
h(q), (10)
where h(q) is the generalized Hurst index. Note that when q = 2, h(2) is noth-
ing but the Hurst index H . The scaling exponent function τ(q), which is used to
reveal the multifractality in the standard multifractal formalism based on partition
function, can be obtained numerically as follows:
τ(q) = qh(q)−Df , (11)
where Df is the fractal dimension of the geometric support of the multifractal mea-
sure (in the current case Df = 1). The local singularity exponent α and its spectrum
f(α) are related to τ(q) through the Legendre transformation [62],{
α = dτ(q)/dq
f(α) = qα− τ(q)
. (12)
Since the size of each time series is finite, the estimate of Fq(s) will fluctuate re-
markably for large values of |q|, especially for large s. We focus on q ∈ [−4, 6] to
obtain reasonable statistics in the estimation of Fq(s).
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Fig. 3. (Color online) Plots of the overall fluctuation function Fq(s) with respect to the box
size s for q = −2, 0, 2 and 4 in log-log coordinates. The upper and lower panels correspond
to the original data and the adjusted data after removing the intraday patterns, respectively.
The solid lines are the best fits to the data in the corresponding scaling ranges.
We present the results of the four typical stocks. For comparison, the raw data and
the adjusted data after removing the intraday patterns are analyzed. Fig. 3 shows the
dependence of the overall fluctuation function Fq(s) on the box size s for different
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values of q in log-log coordinates. Nice power laws are observed between Fq(s)
and s. For each curve, there is a clear kink indicating the crossover from a power-
law scaling regime at small sizes to a power-law scaling regime at large sizes. The
crossover phenomenon is very common in the detrended fluctuation analysis of
many other financial and physical quantities.
For each case, the scaling exponents in both regimes can be obtained by the lin-
ear regression between ln[Fq(s)] and ln s in the two scaling ranges. The estimated
generalized Hurst indexes h(q) are illustrated in Fig. 4(a) for the small-size regime
and in Fig. 4(d) for the large-size regime. According to Eq. (11), the mass ex-
ponents τ(q) are estimated. As shown in Fig. 4(b) and Fig. 4(e), the τ(q) func-
tions exhibit strong nonlinearity, which is a hallmark of multifractality. Fig. 4(c)
and Fig. 4(f) illustrate the multifractal singularity spectra f(α), which are obtained
by the Legendre transformation of the mass exponents τ(q). It is well-known that
∆α , αmax −αmin is an important parameter qualifying the width of the extracted
multifractal spectrum. The lager the ∆α value, the stronger the multifractality. The
values of the singularity width ∆α are listed in Table 1 for all the 23 stocks. Accord-
ing to the lower panel of Fig. 4, the intertrade durations in large-size regime show
a very neat multifractal nature and the multifractal behaviors of different stocks are
comparable to each other. The situation for the small-size regime is more compli-
cated, in which several stocks show different behaviors. For instance, the multifrac-
tal spectrum of stock 000002 in Fig. 4(c) has a knot around q = 0. For other stocks,
the curves are normal. The weakness of the multifractal nature of some stocks are
not surprising due to the narrow scaling ranges at small box sizes.
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Fig. 4. (Color online) Multifractal analysis of the intertrade durations in the small-size
regime (upper panel) and the large-duration panel (lower panel). Shown are the generalized
Hurst indexes h(q) (a, d), the mass exponents τ(q) (b, e), and the multifractal spectra f(α)
(c, f) for four typical stocks.
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5 Conclusion
We have investigated the intraday pattern, long memory, and multifractaliy of the
intertrade durations using the limit order book data and order flows of 23 liquid
Chinese stocks traded on the SZSE in 2003. The intertrade duration shows an in-
verse U-shaped intraday pattern for all the 23 stocks, which means much smaller
intertrade durations and higher trading activities in the open and close of a trad-
ing day. During the noon closure of the market, new information arrives and the
average intertrade duration within the first minute of the afternoon trading is also
significantly smaller.
The original data and the adjusted data after removing the intraday pattern from
the original data are analyzed with the DFA approach. Except stock 000720, all the
other stocks exhibit a crossover between two power-law scaling regimes. Intertrade
durations in the small-size regime have a relatively small Hurst index, while those
in the large-size regime have a relatively large Hurst index. In both regimes, the
Hurst indexes are evidently greater than 0.5, confirming long-range memory in the
intertrade durations. We also find that the intraday pattern has little influence on the
long-range dependence.
In addition, the multifractality in intertrade durations is studied for the two regimes
based on the multifractal DFA method. The large-duration regime exhibits a sound
multifractal feature for all stocks. In contrast, most of the stocks show multifractal-
ity in the small-duration regime. The scaling range of the small-duration regime is
narrow and thus the resultant multifractal properties are more or less sensitive to the
determination of the crossover point. These results imply that the trading activities
are intermittent.
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